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Agenda

Roi Yehoshua, 20252

 Vectors

 Projections and orthogonality

 Matrices

 Properties of matrices: rank, norm, determinant, trace

 Eigenvalues and eigenvectors

 Quadratic forms and matrix definiteness

 Gradients, Hessian, and Jacobian

 Matrix calculus



Vectors

Roi Yehoshua, 20253

 A vector x in Rn is an ordered set of real numbers

 n is called the dimension of the vector

 By convention, vectors are understood to be column vectors

 When we need to refer to a row vector, we use the transpose notation



Vectors

Roi Yehoshua, 20254

 In NumPy, vectors (one-dimensional arrays) are by default row vectors

 To convert them to column vectors you need to use the reshape() method



Vectors

Roi Yehoshua, 20255

 Vectors are often represented geometrically as arrows starting from the origin and 
extending to a point determined by its components  



Basic Vector Operations

Roi Yehoshua, 20256

 Scalar multiplication

 Vector addition

 Vector subtraction



Vector-Vector Products

Roi Yehoshua, 20257

 Dot product or inner product of two vectors:

 Outer product of two vectors:

 Element-wise product (Hadamard product)



Special Vectors

Roi Yehoshua, 20258

 The zero vector

 The ones vector

 Standard basis vectors



Vector Norms

Roi Yehoshua, 20259

 A norm of a vector         measures its length or magnitude

 The most commonly used norms are the Lp norms (Minkowski norm)

 L1 norm (Manhattan norm):

 L2 norm (Euclidean norm):

 L norm (Maximum norm):



Distances between Vectors

Roi Yehoshua, 202510

 The distance between two vectors is the norm of their difference:

 For example, Euclidean distance:



Angles between Vectors

Roi Yehoshua, 202511

 The angle between two vectors x and y is

 For example, the angle between x = (3, 3) and y = (5, 0) is:



Orthogonal Vectors

Roi Yehoshua, 202512

 Two vectors are orthogonal if the angle between them is 90

 Or equivalently, their dot product is 0

 For example, x = (1, 2, 2) and y = (2, 3, -4) are orthogonal since:

 Two vectors are orthonormal if they are orthogonal to each other and both have a 
unit length (norm 1)

 Orthonormal vectors are especially useful for forming basis in vector spaces



Projections

Roi Yehoshua, 202513

 Projections measure the component of one vector in the direction of another

 The scalar projection of a vector x onto vector y gives the size of this component

 The vector projection of x onto y gives both the direction and size



Linear Independence
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 A set of vectors {x1, x2, …, xn} is linearly dependent if one of the vectors can be 
represented as a linear combination of the remaining vectors:

 for some scalar values 1, …, n-1  R

 Otherwise, the vectors are linearly independent

 For example, the vectors

    are linearly dependent because 



Matrices

Roi Yehoshua, 202515

 By A  Rmn we denote a real-valued matrix with m rows and n columns:

 Examples:



Basic Matrix Operations

Roi Yehoshua, 202516

 Scalar multiplication

 Matrix addition

 Matrix subtraction



Matrix Multiplication

Roi Yehoshua, 202517

 If A  Rmn and B  Rnp then C = AB  Rmp                

 Properties

 Associative:  (AB)C = A(BC)

 Distributive: A(B + C) = AB + AC

 Not commutative (in general), i.e., it can be the case that AB  BA

 e.g., the matrix BA doesn’t even exist if m  p



Matrix-Vector Product
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 Multiplying a matrix A  Rmn by a vector x  Rn 

 Example:



The Identity Matrix
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 The identity matrix I  Rnn is a square matrix with ones on the diagonal and zeros 
elsewhere

 For every matrix A  Rmn, 



Diagonal Matrices
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 A diagonal matrix is a matrix where all off-diagonal elements are 0

 This is typically denoted                                           with

 Example:



Triangular Matrices

Roi Yehoshua, 202521

 Lower diagonal matrix: all entries above the diagonal are zero

 Upper diagonal matrix: all entries below the diagonal are zero



Transpose

Roi Yehoshua, 202522

 The transpose of a matrix flips its rows and columns

 Given a matrix A  Rmn, its transpose is the n  m matrix whose entries are 

 Properties of the transpose:

 A square matrix A  Rmn is symmetric if it is equal to its transpose



Trace of a Matrix

Roi Yehoshua, 202523

 The trace of a square matrix A  Rnn is the sum of the its diagonal elements:

 Example:

 Properties:

 tr(A) = tr(AT)

 tr(A + B) = tr(A) + tr(B)

 For k  R, tr(kA) = ktr(A)

 For A, B such that AB is square tr(AB) = tr(BA)



System of Linear Equations

24

 A linear system of m equations in n variables:

 Can be expressed as the matrix equation Ax = b:

 A  Rmn is the coefficient matrix

 x  Rn is the variable vector

 b  Rm is the constant vector

Roi Yehoshua, 2025



Gaussian Elimination

Roi Yehoshua, 202525

 Use row operations to reduce A to a row echelon form

 Row operations include

 Row swapping

 Row scaling (multiplying a row by a nonzero scalar)

 Adding a multiple of one row to another row



Gaussian Elimination Example

Roi Yehoshua, 202526

 Solve the following system

 The augmented matrix is:

 Eliminate the entries below the pivot in the first column:



Gaussian Elimination Example
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 Swapping the second and third rows:

 Back-substitution

 Thus, the solution is



Solving Linear Equations in NumPy

28

 np.linalg.solve(A, b) computes the solution of the linear matrix equation Ax = b

 If no unique solution exists (for nonsquare or singular matrix A), a LinAlgError is raised

 For example, let’s find a solution to the same system of equations:

Roi Yehoshua, 2025



Rank of a Matrix

Roi Yehoshua, 202529

 The column rank of a matrix A is its largest number of linearly independent columns

 The row rank of A is its largest number of linearly independent rows

 The rank theorem: the column rank is always equal to the row rank

 Both quantities are referred to collectively as the rank of A, denoted rank(A)

 Example:

 rank(A) = 2, as there are only 2 linearly independent rows



Rank of a Matrix

Roi Yehoshua, 202530

 Properties of the rank:

 For A  Rmn, rank(A)  min(m, n)

 If rank(A) = min(m, n) the matrix is said to have full rank

 rank(A) = rank(AT)

 rank(A + B)  rank(A) + rank(B)

 rank(AB)  min(rank(A), rank(B))



Inverse of a Matrix

Roi Yehoshua, 202531

 The inverse of a square matrix A  Rnn, denoted A-1, is the unique matrix such that

 A is invertible or nonsingular if A-1  exists 

 Otherwise, it is non-invertible or singular

 A is invertible if and only if it has full rank

 To compute the inverse, apply Gaussian elimination on the augmented matrix [A|I]



Inverse of a Matrix
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 For any two invertible matrices

 If A is an invertible matrix, then the solution to the linear system Ax = b is



Moore-Penrose Pseudoinverse
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 Pseudoinverse of A  Rmn, denoted A+, generalizes the inverse to any matrix

 Including non-square and nonsingular matrices

 If a linear system Ax = b has no solution, A+b gives the least-squares solution

 i.e., the solution that minimizes the squared norm of the error (residual)



The Determinant

Roi Yehoshua, 202534

 The determinant of a square matrix A  Rnn is a scalar denoted by |A| or det(A)

 In the case of a 2 × 2 matrix the determinant is computed by:

 The general recursive formula for the determinant is:

 A\i,\j is the submatrix that results from deleting the i-th row and j-th column from A 

 The determinant of this matrix is called a minor of A



The Determinant

Roi Yehoshua, 202535

 Example:

 Determinant properties:

 |I| = 1

 |A| = |AT|

 |AB| = |A||B|

 |A| = 0 if and only if A is singular

 If A is nonsingular, |A-1| = 1/|A|

 The determinant of a triangular matrix equals the product of its diagonal elements



Orthogonal Matrix

Roi Yehoshua, 202536

 A square matrix Q  Rnn is orthogonal if all its columns (and rows) are orthonormal

 i.e., they are orthogonal to each other and have a unit length

 Example:

 Properties:

 The inverse of an orthogonal matrix is its transpose:

 The determinant of an orthogonal matrix is either +1 or -1

 Preserves the dot products between vectors and the Euclidean norm of vectors



Eigenvalues and Eigenvectors

Roi Yehoshua, 202537

 Given a square matrix A  Rnn,   C is an eigenvalue of A and x  0  Cn is its 
corresponding eigenvector if

 The pair (, x) is called an eigenpair

 Ax scales the vector x without changing its direction

 Each eigenvalue  has infinitely many corresponding eigenvectors

 Since any nonzero scalar multiple of x is also an eigenvector corresponding to 

 To avoid ambiguity, eigenvectors are often normalized to unit length



Eigenvalues and Eigenvectors

Roi Yehoshua, 202538

 To find the eigenpairs of A, we first rewrite the eigenvalue equation

 For this equation to have a nontrivial solution, A – I must be singular, i.e.,

 This is called the characteristic equation of A

 The solution is an n-degree polynomial in  called the characteristic polynomial 

 Its roots give the n (possibly complex) eigenvalues of A

 The corresponding of eigenvector i can be found by solving the system



Eigenvalues and Eigenvectors

Roi Yehoshua, 202539

 For example, consider the matrix 

 To find the eigenvalues of A, we compute |A – I| and set it equal to 0:



Eigenvalues and Eigenvectors

Roi Yehoshua, 202540

 To find the corresponding eigenvectors we need to solve the following system of 
equations for each eigenvalue:

 For example, for  = 2 we get: 

 For it to be a unit vector we need 



Eigenvalues and Eigenvectors

Roi Yehoshua, 202541

 np.linalg.eig(A) computes the eigenvalues and eigenvectors of the matrix A

 The eigenvectors are returned as normalized column vectors



Properties of Eigenvalues and Eigenvectors

Roi Yehoshua, 202542

 The trace of A is equal to the sum of its eigenvalues

 The determinant of A is equal to the product of its eigenvalues

 If A is nonsingular with eigenvalue  associated with eigenvector x, then 1/ is an  
eigenvalue of A-1 with an associated eigenvector x

 The eigenvalues of a diagonal/triangular matrix are its diagonal entries

 If A  Rnn is a symmetric matrix

 All eigenvalues 1, …, n of A are real numbers (not necessarily distinct)

 It has a full set of orthogonal eigenvectors u1, …, un



Eigendecomposition of a Matrix

Roi Yehoshua, 202543

 Let V be a matrix whose columns are the eigenvectors of A and  a diagonal matrix 
with the corresponding eigenvalues then

 If V is invertible (i.e., A has n linearly independent eigenvectors) then

 This is called an eigendecomposition of A

 If such decomposition exists, A is said to be diagonalizable

 This decomposition can greatly simplify computations, e.g., of powers of A



The Spectral Theorem

Roi Yehoshua, 202544

 If A is a symmetric matrix, then it is diagonalizable with an orthogonal matrix

 This is called a spectral decomposition of A

 The columns of Q form an orthonormal basis of eigenvectors



Matrix Norms

Roi Yehoshua, 202545

 Norms can also be defined for matrices

 Frobenius norm is analogous to Euclidean norm of vectors:

 The most commonly used norm



Quadratic Forms

Roi Yehoshua, 202546

 Given a square matrix and a vector, the scalar value xTAx is called a quadratic form

 We can write it explicitly as follows:

 For example, if 

 Then



Matrix Definiteness

Roi Yehoshua, 202547

 A symmetric matrix A  Rnn is:

 positive definite (PD) if for all nonzero vectors x  Rn, xTAx > 0

 all eigenvalues must be positive

 positive semidefinite (PSD) if for all vectors x  Rn, xTAx  0

 all eigenvalues must be nonnegative

 negative definite (ND) if for all nonzero vectors x  Rn, xTAx < 0

 all eigenvalues must be negative

 negative semidefinite (NSD) if for all vectors x  Rn, xTAx  0

 all eigenvalues must be nonpositive

 indefinite if it is neither positive semidefinite nor negative semidefinite

 A has both positive and negative eigenvalues

 Matrix definiteness plays a central role in optimization



Matrix Definiteness

Roi Yehoshua, 202548

 Example: show that the following matrix is positive definite

 For any nonzero vector x  R2

 Completing the square:

 The expression is nonnegative and equals zero only when both x1 = x2 = 0, thus



Matrix Calculus

Roi Yehoshua, 202549

 Generalizes differential calculus to functions involving vectors and matrices

 Allows to use linear algebra to compute derivatives in compact matrix form

 Instead of computing partial derivatives component-by-component

 Greatly simplifies operations such as finding the maximum of multivariate functions

 Used in different areas of machine learning

 Closed-form solution to linear regression

 Automatic differentiation (neural network training)



Reminder: Gradient of a Multivariable Function

Roi Yehoshua, 202550

 A scalar-valued function f: Rn → R maps a vector x  Rn to a scalar in R

 The gradient of f is the vector that contains all partial derivatives of f

 Example: 



Reminder: Gradient of a Multivariable Function

Roi Yehoshua, 202551

 What is the gradient of the squared norm function?

 Solution:

 For every i = 1, ..., n

 Thus the gradient is:



Rules for Computing Gradients

Roi Yehoshua, 202552

 The following rules follow directly from the properties of partial derivatives 

 Constant rule

 Sum rule

 Scalar multiplication rule 

 Product rule

 where



Rules for Computing Gradients

Roi Yehoshua, 202553

 Example: given the functions

 We want to compute the gradient of their product

 Using the product rule:



Gradients of Linear Functions

Roi Yehoshua, 202554

 For x  Rn, let f(x) = uTx for some constant vector u  Rn

 Then

 Proof: for each 1 ≤ i ≤ n we have:



Gradients of Quadratic Functions

Roi Yehoshua, 202555

 For A  Rnn a square matrix, x  Rn, and f(x) = xTAx

 The gradient of f is:

 You will prove this in the homework

 If A is symmetric, then 



The Hessian Matrix

Roi Yehoshua, 202556

 A square matrix that contains all second-order partial derivatives of a function

 Provides important information about the curvature of the function

 If the second-order partial derivatives are continuous then H is symmetric



The Hessian Matrix

Roi Yehoshua, 202557

 Example: given the function

 Its second-order partial derivatives are:

 Thus, the Hessian matrix is:



The Jacobian Matrix

Roi Yehoshua, 202558

 A vector-valued function f: Rn → Rm maps a vector in Rn to a vector in Rm

 The Jacobian matrix of f contains all the first-order partial derivatives of f

 Each row in the matrix corresponds to the gradient of one component function fi



The Jacobian Matrix

Roi Yehoshua, 202559

 Example: Given the function

 Its Jacobian matrix is:



The Multivariable Chain Rule

Roi Yehoshua, 202560

 Let f be a function of m variables z1, z2, …, zm, each of which is a function of n 
variables x1, x2, …, xn 

 Then the partial derivative of f with respect to xi is:

 Example:



The Gradient Chain Rule

Roi Yehoshua, 202561

 Let f: Rm → R be a function that depends on a vector-valued function g: Rn → Rm 

 The gradient of f with respect to x is:

 where Jg is the Jacobian matrix of g



The Gradient Chain Rule

Roi Yehoshua, 202562

 Example: consider the function

 Then using the chain rule:



Exercise

Roi Yehoshua, 202563

 Compute the gradient

 Using the product rule:

 The gradient of f is:

 The gradient of g can be computed using the chain rule:

 Thus



Further Readings

Roi Yehoshua, 202564

 Zico Kolter, Linear Algebra Review

 Book: Steven J. Leon, Linear Algebra with Applications

http://cs229.stanford.edu/section/cs229-linalg.pdf
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