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Probability Basics

Roi Yehoshua, 20253

 Consider an experiment that can result in several possible outcomes

 The sample space is the set containing all these possible outcomes

 e.g., if the experiment is tossing a die, the sample space is  = {1, 2, 3, 4, 5, 6}

 An event A is any subset of the sample space

 e.g., the event that the die shows an even number is

 The probability of an event, denoted P(A), quantifies the uncertainty of its 
occurrence on a scale from 0 to 1

 Two approaches for defining probabilities: frequentist and Bayesian



The Frequentist Approach

Roi Yehoshua, 20254

 Defines probabilities in terms of long-run relative frequencies

 Suppose an experiment is repeated n times under the same conditions

 Let n(A) denote the number of times the event A occurs

 Then the probability of A is defined as the frequency of the event in the limit:  

 For example, the probability of rolling any number i with a fair die is:



The Bayesian Approach

Roi Yehoshua, 20255

 Defines probability as a degree of belief or subjective certainty about the 
occurrence of an event

 Does not rely on repeated trials, thus can be applied to singular events

 Probabilities are updated as new information becomes available

 Based on Bayes’ theorem, which relates prior belief, likelihood, and posterior belief

 For example, in a medical setting, we might assign a prior probability to a disease 
based on population data, then update it after observing test results

Likelihood

Normalizing constant

Posterior probability

Prior probability



Axioms of Probability

Roi Yehoshua, 20256

1. The probability of an event is nonnegative:

2. The probability of the entire sample space is 1:

3. For any sequence of mutually exclusive events A1, A2, …, An the probability of at 

least one of these events occurring is the sum of their probabilities:

For example, from Axiom 3, it follows that the probability of rolling an even number is



Propositions Derived from the Axioms

Roi Yehoshua, 20257

 Probability of an empty set:

 Probability bounds: For any event A

 Monotonicity: For any two events A  B

 Complement rule: 

 The complement of an event A, denoted by Ac or A', is the subset of outcomes in the 
sample space that are not in the event A

 The probability of Ac is: 



The Addition Rule

Roi Yehoshua, 20258

 For any two events A and B

 Example: what is the probability of drawing a card that is either a heart or a face card 
from a deck of 52 cards?



Inclusion-Exclusion Principle

Roi Yehoshua, 20259

 Generalizes the addition rule to any number of events

 For example, for three events we get:



Random Variables

Roi Yehoshua, 202510

 We are often interested in a numerical quantity based on the experiment outcome

 A random variable is a function that assigns a real number to each possible outcome

 The range of X is the set of all real values it can take:

 For example, if we flip a fair coin 3 times and define X as the number of observed 
heads, its range is:



Probability Distributions

Roi Yehoshua, 202511

 A probability distribution of random variable X, denoted P(X), is a function that 
assigns a probability to each value it can take

 For example, if X is the number of heads in a 3 fair coin flips:

x P(X = x)

0 1/8

1 3/8

2 3/8

3 1/8



Discrete Random Variables

Roi Yehoshua, 202512

 A discrete random variable X can take only a finite number of possible values

 or a countably infinite set of values

 A probability mass function (PMF) assigns a probability to each such value:

 For a function to be a valid PMF, it must satisfy:

 Each probability must lie between 0 and 1

 The total probability across all possible values of X must sum to 1:



Discrete Random Variables

Roi Yehoshua, 202513

 For example, a PMF of a random variable representing the sum of two dice:



Cumulative Distribution Function

Roi Yehoshua, 202514

 A cumulative distribution function (CDF) of a random variable X gives the probability 
that X takes a values less or equal to a given number

 For example, the CDF of the number of heads in 3 fair coin flips:



Expectation

Roi Yehoshua, 202515

 The expected value (or mean) of X represents its average outcome over many trials

 Let X be a discrete RV with a finite set of values x1, x2, …, xn and a PMF p(x)

 The expected value of X is a weighted average of its values:

 For example, if X is the outcome of a fair die roll:



Properties of Expectation

Roi Yehoshua, 202516

 Expectation of a constant

 Scalar multiplication

 Additivity

 Linearity of expectation:

 For random variables X1, X2, …, Xn and constants c1, c2, …, cn:



Functions of Random Variables

Roi Yehoshua, 202517

 Often, we are interested in some function of the random variable 

 Let X be a random variable and Y = g(X) for some function g

 Y is also a random variable

 The PMF of Y is given by:

 The expected value of Y is:

 Known as the Law of the Unconscious Statistician (LOTUS)



Variance

Roi Yehoshua, 202518

 Variance is the expected squared deviation from the mean:

 For example, if X is the outcome of a fair die, then

 The square root of the variance is called standard deviation

 In the die example: 



Properties of Variance

Roi Yehoshua, 202519

 Variance of a constant:

 Scaling property: for any constants a and b:

 Variance of the sum of two variables:

 Variance of the sum of two independent variables:



Bernoulli Distribution

Roi Yehoshua, 202520

 Consider an experiment that can either succeed or fail

 The probability of success is given by p (0  p  1)

 Let X be a binary random variable defined as:

 Then, X follows a Bernoulli distribution with parameter p

 PMF of X:

 Expected value:

 Variance:



Binomial Distribution

Roi Yehoshua, 202521

 Models the number of successes in a sequence of n independent Bernoulli trials

 each with a probability of success p

 A random variable X  Binomial(n, p) counts the number of successes in n trials

 PMF of X:

 e.g., let X be the number of heads in 10 fair coin flips

 Expected value:

 Variance:



Geometric Distribution

Roi Yehoshua, 202522

 Models the number of Bernoulli trials needed to obtain the first success

 A random variable X  Geometric(p) represents the trial with the first success

 PMF of X:

 e.g., if X denotes the number of coin flips until the first heads appears

 Expected value:

 Variance:



Poisson Distribution

Roi Yehoshua, 202523

 Models the number of events occurring randomly in a fixed interval of time

 A parameter  represents the expected number of events in that interval

 A Poisson random variable counts the number of events in that interval

 PMF of X:

 Expected value and variance:

 Suppose you are waiting at a bus stop where buses arrive at an average rate of 4 
buses per hour. What is the probability that exactly 3 buses arrive in 30 minutes?

 If X is the number of buses arriving in 30 minutes, then 



Categorical Distribution

Roi Yehoshua, 202524

 Generalizes the Bernoulli distribution to k possible outcomes (categories)

 Each category i occurs with probability pi 

 The probabilities sum to 1

 Let X be a categorical random variable

 PMF of X:

 Example: consider a chatbot that predicts the next word in a sentence from a 
vocabulary of n words

 Define a random variable X representing the next word 

 X follows a categorical distribution over the n possible words

 pi is the likelihood of choosing word i in the vocabulary



Common Discrete Probability Distributions

Roi Yehoshua, 202525



Continuous Random Variables

Roi Yehoshua, 202526

 A continuous random variable X can take an infinite number of values

 The probability of observing any exact value of X is zero

 Therefore, we consider the probability that X falls within an interval



Probability Density Function

Roi Yehoshua, 202527

 Probability density function (PDF) of X is a nonnegative function f(x) such that the 
probability that X lies within an interval [a, b] is given by the integral:

 For a function f to be a valid PDF it needs to satisfy:

 It must be nonnegative for all real numbers

 The total probability over the entire real line must equal 1:



Probability Density Function

Roi Yehoshua, 202528

 For example, consider the function:

 To verify that it is valid PDF, we check that it integrates to 1:

 The probability that X falls within the interval [0.5, 1.5] is:



Cumulative Distribution Function

Roi Yehoshua, 202529

 The cumulative distribution function (CDF) of a continuous variable X is:

 If the CDF is differentiable at a point x, then the PDF is its derivative at that point:



Expectation

Roi Yehoshua, 202530

 If X is a continuous random variable with PDF f(x), then its expected value is:

 For example, given the PDF

 The expected value is:



Variance

Roi Yehoshua, 202531

 The variance is defined as in the discrete case

 In our example,



Continuous Uniform Distribution

Roi Yehoshua, 202532

 A continuous uniform variable X has a constant density over an interval [a, b]

 PDF of X:

 Expected value:

 Variance:



Normal (Gaussian) Distribution

Roi Yehoshua, 202533

 One of the most fundamental and widespread probability distributions

 Arises naturally in many situations due to the Central Limit Theorem (CLT)

 X is a normal random variable with mean  and variance 2, written X  N(, 2), if 
its PDF is:

 The density function is a bell-shaped curve symmetric about 

 The 68-95-99.7 rule:

 68% of the values lie within one standard deviation of the mean

 95% lie within two standard deviations of the mean

 99.7% lie within three standard deviations of the mean



Properties of the Normal Distribution

Roi Yehoshua, 202534

 Linear transformation: If X  N(, 2), then for any constants a and b

 Sum of independent normal variables: If X1, …, Xn are independent normal variables 
with means i and standard deviations i, then their sum is also normally distributed



Standard Normal Distribution

Roi Yehoshua, 202535

 A standard normal variable Z  N(0, 1) is a normal variable with  = 0 and   = 1

 Its PDF is:

 If X is normally distributed with , 2 then the following variable is standard normal



Standard Normal Distribution

Roi Yehoshua, 202536

 To compute probabilities, we use the CDF of a standard normal random variable is:

 There is no closed-form solution to this integral

 Instead, we compute these values using tables / software

 In Python you can use scipy.stats.norm.cdf

 Due to symmetry

 For a normally distributed variable X  N(, 2)

https://docs.scipy.org/doc/scipy-1.16.1/reference/generated/scipy.stats.Normal.cdf.html


Standard Normal Distribution

Roi Yehoshua, 202537

 Example: assuming that the height of adult males is normally distributed with mean 
175 cm and standard deviation 7.5 cm, what is the probability that a randomly 
selected male is shorter than 170 cm? 

 Define a random variable 

 Approximately 25.25% of adult males in the population are shorter than 170 cm



The Quantile Function

Roi Yehoshua, 202538

 Quantile is a value below which a specified proportion of the data falls

 Percentile is similar but uses percentages (0-100%) instead of proportions

 The quantile function is the inverse of the CDF

 For standard normal distribution, it gives the value z such that (z) = p

 e.g., the 95th percentile of the standard normal distribution

 In Python, you can compute this value using scipy.stats.norm.ppf()



Gamma Distribution

Roi Yehoshua, 202539

 A flexible distribution defined by a shape parameter  and rate parameter 

 Models the waiting time until  events occur in a Poisson process with rate 

 Commonly used in Bayesian statistics

 Its PDF is given by

 The gamma function generalizes the factorial to non-integers



Common Continuous Distributions

Roi Yehoshua, 202540



Conditional Probabilities

Roi Yehoshua, 202541

 The likelihood of an event occurring given that another event has already occurred

 The conditional probability of an event A given another event B is defined as:

 assuming that P(B)  0

 Example: suppose a class has 30 students. Out of these, 18 students take 
mathematics, and 10 students take both mathematics and physics. If a student is 
known to take mathematics, what is the probability that they also take physics?

 Define A as the event that a student takes physics

 Define B as the event that a student takes math



The Product Rule

Roi Yehoshua, 202542

 Expresses the joint probability of two events in terms of their conditional probability

 Follows directly from the definition of conditional probability

 Example: suppose a box contains 5 red balls and 3 blue balls. Two balls are drawn at 
random, one after the other, without replacement. What is the probability that both 
balls are red?

 Let A be the event that the first ball drawn is red

 Let B be the event that the second ball drawn is red



The Chain Rule

Roi Yehoshua, 202543

 Generalizes the product rule to any number of events

 For n events A1, …, An, their joint probability can be expressed as



Law of Total Probability

Roi Yehoshua, 202544

 Let B1, …, Bn be n disjoint events whose union is the entire sample space

 Then, for any event A, 

 Suppose you have two boxes:

 Box A contains 3 red balls and 2 blue balls

 Box B contains 1 red ball and 4 blue balls

 You randomly choose a box with equal probability and then you randomly draw a 
ball from that box, what is the probability that the ball you draw is red?

 Let R be the event that the ball is red

 Let A/B be the event that you choose box A/B, respectively



Bayes’ Rule

Roi Yehoshua, 202545

 Allows us to update the probability of an event in light of new evidence

 For any two events A, B, such that P(B)  0

 Can be used to infer the probability of a cause given the observed effect:

Likelihood

Evidence (marginal probability)Posterior probability

Prior probability

( | ) ( )
( | )

( )

P effect cause P cause
P cause effect

P effect
=

but often easier to estimate thisIt’s hard to estimate this



Bayes’ Rule Example

Roi Yehoshua, 202546

 Meningitis causes a stiff neck

 as do lots of other things

 A doctor knows

 Meningitis causes a stiff neck 70% of time

 Prior probability of a patient having meningitis is 1 in 50,000

 Prior probability of a stiff neck is 1%

 How likely is a patient with stiff neck to have meningitis?



Bayes’ Rule Example

Roi Yehoshua, 202547

 Denote by S the event of having stiff neck

 Denote by M the event of having meningitis

 From the data we have:

 P(S|M) = 0.7

 P(M) = 0.00002

 P(S) = 0.01

 Using Bayes’ rule the posterior probability of having meningitis is:



Independence

Roi Yehoshua, 202548

 Two events A and B are independent, denoted by A ⊥ B, if

 In this case,

 i.e., observing one event doesn’t change the probability that the other event occurs

 For example, suppose you toss two fair coins

 Let A be the event that the first coin shows heads

 Let B be the event that the second coin shows heads

 These two events are independent

 Therefore, their joint probability is:



Conditional Independence

Roi Yehoshua, 202549

 A more limited form of independence that is more common than full independence

 Events A and B are conditionally independent given event C if, once we know that C 
occurs, the probability that A occurs is unaffected by whether or not B occurs

 or, equivalently:

 For example, if I have a cavity, the probability that the dentist probe catches it is 
independent of whether I have a toothache: 

 but in general toothache and catch are not independent, because a toothache may be 
more likely when catch is true  



Joint Probability Distributions

Roi Yehoshua, 202550

 The joint probability distribution of X and Y specifies the probability for all 
combinations of values for X and Y

 For discrete random variables X and Y, we define their joint PMF as

 More generally, the joint PMF of n discrete random variables X1, …, Xn is:

 A valid joint PMF must satisfy:

 The probability of any combination of values must be nonnegative

 The total probability of all combinations must equal 1:



Joint Probability Distribution Example

Roi Yehoshua, 202551

 Example: Dental visit

 We have 3 binary random variables: Cavity, Catch, and Toothache

 The full joint distribution can be used as the “knowledge base” from which all 
probabilities of events in the system may be derived

toothache ¬toothache

catch ¬catch catch ¬catch

cavity 0.108 0.012 0.072 0.008

¬cavity 0.016 0.064 0.144 0.576



Joint Probability Distribution Example

Roi Yehoshua, 202552

 For example, what is the probability of cavity given that we have a toothache?

toothache ¬toothache

catch ¬catch catch ¬catch

cavity 0.108 0.012 0.072 0.008

¬cavity 0.016 0.064 0.144 0.576



Marginal Distributions

Roi Yehoshua, 202553

 The marginal distribution of a random variable is obtained by summing the joint 
probabilities over all the other variables (this process is called marginalization)

 For two discrete random variables X and Y, their marginal PMFs are:

 For n variables, the marginal probability of a subset of variables is obtained by 
summing over the remaining ones:



Marginal Distribution Example

Roi Yehoshua, 202554

 For example, we can extract the marginal distribution of Cavity from the joint 
distribution by summing up all possible values of the other variables:

toothache ¬toothache

catch ¬catch catch ¬catch

cavity 0.108 0.012 0.072 0.008

¬cavity 0.016 0.064 0.144 0.576



Joint Probability Density Function

Roi Yehoshua, 202555

 For two continuous random variables X and Y, their joint PDF is defined as:

 For n continuous variables:

 For f to be a valid joint PDF, it must satisfy:

 The function must be nonnegative for all values of the variables:

 The total probability over the entire space must equal to 1:



Joint Probability Density Function

Roi Yehoshua, 202556

 Example: consider random variables X and Y with a joint PDF:

 To verify that this is a valid joint PDF we compute the integral:

 The probability that both variables are less than 0.5 is:



Marginal and Conditional Density Functions

Roi Yehoshua, 202557

 The marginal density function of variable X is obtained by integrating the joint PDF 
over the other variables in the function

 The conditional density function of Y given X is:

 where fX(x) is the marginal density function of X



Expectation in Joint Distributions

Roi Yehoshua, 202558

 We cannot define directly an expectation of joint distribution since expected value 
needs to return a single value

 Instead, we define expectation of scalar-valued functions of the variables

 For discrete random variables

 For continuous random variables

 As in the single-variable case, the expectation satisfies the linearity property:



Independent Random Variables

Roi Yehoshua, 202559

 Two random variables X and Y are independent if knowing the value of one variable 
doesn’t provide information on the value of the other

 Their joint probability is equal to the product of their marginal probabilities

 Discrete random variables X and Y are independent if for all values of x and y:

 Continuous random variables X and Y are independent if for all values of x and y:



Independent Random Variables

Roi Yehoshua, 202560

 Let T be a binary random variable representing the temperature (hot/cold)

 Let W be a binary random variable representing the weather (sun/rain)

 Their marginal and joint probabilities are given in the following tables:

 Are the variable independent?

 No, because P(T = cold, W = sun) = 0.2  P(T = cold)  P(W = sun) = 0.5  0.6 = 0.3

T W P

hot sun 0.3

hot rain 0.2

cold sun 0.2

cold rain 0.3

T P

hot 0.5

cold 0.5

W P

sun 0.6

rain 0.4

P(T) P(W) P(T, W)



Independent and Identically Distributed Variables

Roi Yehoshua, 202561

 Random variables X1, …, Xn are i.i.d. (independent and identically distributed) if:

 They are mutually independent

 Have the same probability distribution

 f can be a PMF (for discrete variables) or PDF (for continuous variables)

 For example, suppose X1, …, Xn represent outcomes of n independent tosses of a coin 

 Then X1, …, Xn are i.i.d. Bernoulli random variables

 The i.i.d. assumption is common in statistics and machine learning

 e.g., we assume that all observations in the dataset are i.i.d. (sampled independently from 
the same underlying distribution)



Covariance

Roi Yehoshua, 202562

 Covariance measures the extent to which two variables vary together

 i.e., whether they tend to increase or decrease in tandem

 The covariance between random variables X and Y is defined as:

 Cov(X, Y) > 0 indicates that X and Y tend to increase or decrease together

 Cov(X, Y) < 0 indicates that X and Y tend to move in opposite directions

 Cov(X, Y) = 0 means that X and Y are uncorrelated (linearly)

 It doesn’t imply that they are independent 

 However, if X and Y are independent then Cov(X, Y) = 0



Covariance

Roi Yehoshua, 202563

 Assume we have two discrete variables X and Y with the following joint distribution

 We first compute the expectations:

 Therefore:



Properties of the Covariance

Roi Yehoshua, 202564

 Symmetry:

 Linearity:

 Variance as a special case of covariance:

 Variance of a sum of variables:



Correlation Coefficient

Roi Yehoshua, 202565

 Covariance depends on the scale of the variables and can take any real value

 Correlation coefficients are normalized between -1 and +1 

 Allowing to quantify the strength of the correlation and not only the direction

 The most widely used is Pearson’s correlation coefficient defined as:

 XY  1 indicates strong positive linear relationship

 XY  0 indicates no linear relationship

 XY  -1 indicates strong negative linear relationship

 It is scale invariant: for any constants a, c > 0



Non-Linear Relationships

Roi Yehoshua, 202566

 Pearson correlation coefficient measures the linear relationship between objects

 If the coefficient is 0, non-linear relationships may still exist

 For example, if

 Then Y = X2, but their Pearson correlation coefficient is 0

 Other correlation coefficients measure other types of relationships

 Spearman’s rank correlation coefficient measures the strength of monotonic relationship

 Defined as the Pearson correlation coefficient applied to the ranked values of X and Y



Random Vectors

Roi Yehoshua, 202567

 A random vector is a function X:  → Rn whose components are random variables

 Can simplify computations when working with multiple random variables

 The definitions of PMD, PDF, and CDF of X are based on the corresponding 
definitions of jointly distributed random variables:

 PMF of X

 PDF of X



The Mean Vector

Roi Yehoshua, 202568

 The mean vector of a random vector X contains the means of its components:

 Satisfies the following properties

 Linearity with respect to dot products: for any constant vector a  Rn

 Expectation of sums of vectors:

 Linearity under matrix transformation: for any constant matrix A  Rmn



Covariance Matrix

Roi Yehoshua, 202569

 Describes how the components of a random vector vary together

 Extends the concept of variance to higher dimensions

 The covariance matrix of a random vector X:  → Rn is defined as:

 Expanding the definition yields:



Properties of the Covariance Matrix

Roi Yehoshua, 202570

 The matrix is symmetric:

 The matrix is positive semidefinite: for any constant vector a  Rn 

 Covariance of linear transformations: for any constant matrix A  Rmn



Correlation Matrix

Roi Yehoshua, 202571

 Contains the Pearson correlation coefficients between the components of X

 R is symmetric positive semidefinite with all diagonal entries equal to 1 

 In NumPy, you can compute it using the function np.corrcoef():



Multivariate Distributions

Roi Yehoshua, 202572

 Multivariate distribution gives the full probabilistic model of a random vector

 It includes:

 A joint probability distribution of the random variables in the vector

 Dependency or correlation structure between variables (e.g., covariance matrix)



The Multivariate Normal Distribution

Roi Yehoshua, 202573

 A random vector X follows a multivariate normal distribution with mean vector   
Rn and covariance matrix Σ  Rnn , denoted by X  N(, Σ), if its PDF is given by:

 |Σ| denotes the determinant of the covariance matrix

 Σ must be invertible (|Σ|  0) for the PDF to be well-defined

 When Σ is diagonal, the PDF factorizes into a product of univariate normal densities:

 In this case, all the variable Xi are independent

 The standard multivariate normal distribution has  = 0 and Σ = I 



 Examples:

The Multivariate Normal Distribution

Roi Yehoshua, 202574



Properties of Multivariate Normal Distributions

Roi Yehoshua, 202575

 If X  N(, Σ) then each component of X is univariate normal

 Closure under linear transformations: If A is a constant matrix and b constant vector

 Closure under summation:

 Closure under marginalization and conditioning: if

 Then the marginal and conditional distributions are also multivariate normal:



The Multinomial Distribution

Roi Yehoshua, 202576

 Models repeated trials where each trials results in one of k possible categories

 Counts how many times each category has occurred in n independent trials

 When k = 2, this reduces to the binomial distribution

 Let the probabilities of the k outcomes be p1, …, pk

 Let Xi represent the number of times category i has occurred in n trials

 Then the random vector X = (X1, …, Xk) follows a multinomial distribution

 The PMF of X is:

 For example, suppose that a fair die is rolled 5 times

 The probability that 2 and 3 appear twice each and 6 appears once is:



The Law of Large Numbers 

Roi Yehoshua, 202577

 The sample average of i.i.d. random variables converges to the expected value of 
their underlying distribution

 Let X1, …, Xn be i.i.d. random variables with expected value  = E[Xi]

 Define their sample mean as:

 Then for any  > 0, 



The Central Limit Theorem (CLT) 

Roi Yehoshua, 202578

 The sum (or average) of a large number of i.i.d. variables is approximately normally 
distributed, regardless of their original distribution

 Let X1, …, Xn be i.i.d. random variables with mean  and variance 2

 Their standardized sample mean is:

 Then Zn converges in distribution to the standard normal distribution 



Example for Using the CLT

Roi Yehoshua, 202579

 An airline is designing seating for a small aircraft that can carry 100 passengers

 The aircraft cannot safely carry more than a total of 8,500 kg

 Assume the average weight of a passenger (+baggage) is 82 kg with std 15 kg

 What is the probability that the total weight of 100 passengers exceeds the limit?



Solution

Roi Yehoshua, 202580

 Let Xi (1  i  100) denote the weight of a single passenger

 The Xi s are assumed to be i.i.d. 

 Let W be the total of the weights of all 100 passengers:

 Expected value and variance of W:

 The standardized W is:

 By the CLT, Z is approximately standard normal (n = 100 > 30), therefore

 There is only 2.28% chance of exceeding the limit



Maximum Likelihood Estimation

Roi Yehoshua, 202581

 A widely used method for estimating distribution parameters from observed data

 Idea: Choose the parameter values that make the observed data most probable

 Assume that we have a set of data points {x1, …, xn} drawn independently from some 
probability distribution P(X; ) with unknown parameter(s) 

 e.g.,   could be the mean and variance of a normal distribution

 The likelihood function of   as the probability of observing the data under 

 The goal is to fine the value of that maximizes the likelihood

 Called the maximum likelihood estimator (MLE)



Maximum Likelihood Estimation

Roi Yehoshua, 202582

 Under i.i.d. assumption of the observed values we can write

 To simplify computations, we typically work with the log-likelihood function:

 To find the MLE we take its derivative and set it equal to zero:



MLE Example (1)

Roi Yehoshua, 202583

 There are 10 balls in a bag. Each ball is either red or green.

 Let  be the number of red balls

 We draw 5 balls with replacement out of the bag getting:

 "red", "red", “green", "red", "green” (in that order)

 What is the maximum likelihood estimate for ? 

 The likelihood function is:

 The log-likelihood function is:

 To find the MLE we compute:



MLE Example (2)

Roi Yehoshua, 202584

 Given n points x1, …, xn drawn from univariate normal distribution N(, )

 Find the MLEs for  and 

 The likelihood function of the parameters is:

 Thus, the log-likelihood is:



 Taking partial derivatives of the log-likelihood w.r.t. ,  and setting them to 0:

 Conclusion: the MLE of the mean is the sample mean and the MLE of the standard 
deviation is the sample standard deviation

MLE Example (2)

Roi Yehoshua, 202585



Additional Resources

Roi Yehoshua, 202586

 For further reference consult:

 David Blei’s probability review

 The book Sheldon Ross: A First Course in Probability

http://khoury.neu.edu/home/eelhami/courses/CS6140_Fall16/lecture0_review_probability_1.pdf
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