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 Decision boundaries
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 Imbalanced classes

 Multiclass classification problems
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Classification

Roi Yehoshua, 20253

 Classification is the task of predicting the class of a given input sample

 Given: A training set of n labeled examples: D = {(x1, y1), (x2, y2), …, (xn, yn)}

 Each label yi belongs to one of K predefined classes C1, C2, …, CK

 Goal: Learn a function h(x) that maps a feature vector x to a class label Ci



Classification vs. Regression

Roi Yehoshua, 20254

 In regression, our goal was to find a function (e.g., a line) that best fits the data

 In classification, the goal is to find a function that separates data points from 
different classes

 The separating function defines a decision boundary that partitions the input space 
into regions corresponding to different predicted classes



Types of Classification Problems

Roi Yehoshua, 20255

 Binary classification: Only two possible classes, typically labeled as 1 or 0

 1 is the positive class, and 0 is the negative class

 The positive class is usually the less frequent or more important class

 e.g., the “spam” in email filtering, or “disease” in medical diagnosis

 Multi-class classification: More than two possible classes

 e.g., in digit recognition, each image is classified into one of 10 classes {0, 1, …, 9}

 Multi-label classification: Each input can belong to multiple classes simultaneously

 e.g., a news article may be tagged as both Science and Technology

 Multi-output classification: Each input is associated with multiple outputs

 Each output corresponds to a different classification task (but outputs may be correlated)

 e.g., an object an image can be classified both by its shape and color



Types of Classifiers

Roi Yehoshua, 20256

 Deterministic vs. probabilistic classifiers

 A deterministic classifier outputs only the predicted class label

 Examples: decision tree, perceptron

 A probabilistic classifier outputs the probability distribution over classes

 Examples: logistic regression, naïve Bayes

 Linear vs. nonlinear classifiers

 A linear classifier learns a linear decision boundary to separate the classes

 Examples: logistic regression, support vector machine, perceptron

 A nonlinear classifier can learn complex, curved decision boundaries

 Examples: decision trees, k-nearest neighbors, neural networks



Classification Algorithms

Roi Yehoshua, 20257

 Each classification algorithm has its own strengths and weaknesses

 Performance depends on the characteristics of the dataset

 Size, number of features, linearity, noise, class imbalance

http://scikit-learn.org/stable/auto_examples/classification/plot_classifier_comparison.html

http://scikit-learn.org/stable/auto_examples/classification/plot_classifier_comparison.html
http://scikit-learn.org/stable/auto_examples/classification/plot_classifier_comparison.html
http://scikit-learn.org/stable/auto_examples/classification/plot_classifier_comparison.html


Logistic Regression

Roi Yehoshua, 20258

 One of the simplest and most foundational classification algorithms

 A binary, linear classifier that outputs class probabilities 

 It first computes a linear combination of the input features:

 This value z is often called the score or logit

 The score is then passed through the sigmoid function that maps it into [0, 1]:

 p is the estimated probability that the input belongs to the
positive class



Why the Sigmoid Function?

Roi Yehoshua, 20259

 The odds of an event is the ratio between the probability of success and failure:

 The log-odds (or logit) is the logarithm of the odds:

 In logistic regression, we assume the log-odds are a linear function of the input:

 Solving for p gives:



Example

Roi Yehoshua, 202510

 Predict the likelihood of choosing to bike to work based on the temperature

 The logistic regression model is:

 Assume that after optimization we find the coefficients w0 = -12.94, w1 = 0.74

Temperature (C) Bikes to work?

10 0

15 0

20 1

25 1

30 1



Example

Roi Yehoshua, 202511

 The curve of the logistic regression model 

 For example, the probability of biking to work at 20C is:



Decision Boundaries

Roi Yehoshua, 202512

 The decision boundary is defined by the points for which p = 0.5 (or wTx = 0)

 This equation defines a hyperplane of dimension (d - 1) that is orthogonal to w

 The linearity of this boundary makes logistic regression a linear classifier

on this side

wTx > 0

decision boundary

wTx = 0

w

on this side

wTx < 0



Training a Logistic Regression Model

Roi Yehoshua, 202513

 Define a suitable loss function

 Quantifies the difference between the predicted probability p and the true label y

 Use an optimization algorithm to minimize this function on the training set

 Return the optimal coefficients w*



Zero-One Loss

Roi Yehoshua, 202514

 A natural loss function for binary classification is the 0-1 loss:

 y  {0, 1} is the true label and ො𝑦 = h(x)  {0, 1} is the predicted label

 Problems with this loss function:

 Non-differentiable

 Ignores model’s confidence: all incorrect predictions are treated equally



Log Loss

Roi Yehoshua, 202515

 Instead, we use a probabilistic loss function called log loss (or binary cross-entropy):

 y  {0, 1} is the true label and p is the predicted probability of the positive class 

 Penalizes overconfident wrong predictions more heavily



Log Loss from MLE

Roi Yehoshua, 202516

 Assume the label y follows a Bernoulli distribution with parameter p

 The likelihood for a single observation is:

 The log-likelihood is:

 The negative log-likelihood (NLL) is:

 This is exactly the log loss

 MLE naturally leads to minimizing log loss when fitting logistic regression



Cost Function

Roi Yehoshua, 202517

 The cost function calculates the average log loss over the training set:

 where 

 In vectorized form:

 y = (y1, …, yn) is the vector of true labels

 p = (p1, …, pn) is the vector of predicted probabilities,

 1 = (1, …, 1) is a vector of ones of size n

 The function is convex, so every local minimum is a global minimum

 However, there is no closed-form solution for the optimal w* 

 Therefore, we need to rely on iterative optimization techniques



Gradient Descent

Roi Yehoshua, 202518

 We compute the partial derivative of J(w) with respect to each weight wj:

 Thus , the gradient vector is:

Using the chain rule

The derivative of sigmoid: 
’(z) = (z)(1 - (z))

Moving the derivative into 
the summation

X is the feature matrix



Gradient Descent

Roi Yehoshua, 202519

 The update rule for (batch) gradient descent is:

  is the learning rate

 In stochastic gradient descent, we update after every training example (x, y):



Newton’s Method

Roi Yehoshua, 202520

 Newton's method can be more efficient than gradient descent

 Adjusts both the search direction and step size using second-order curvature (Hessian)

 Achieves quadratic convergence near the minimum

 For convex objectives (as in logistic regression), the Hessian is positive semidefinite

 Thus, Newton’s method behaves well

 Newton’s update rule:

 H-1 is the inverse of the Hessian matrix

 Issue: Computing and inverting the Hessian is expensive, especially in large datasets

 Solution: Use quasi-Newton methods

 Avoid computing the full Hessian, approximates it efficiently from gradients

 A popular method: BFGS (Broyden-Fletcher-Goldfarb-Shanno algorithm)



Regularized Logistic Regression

Roi Yehoshua, 202521

 Similar to linear regression, we can add a regularization term to the cost function

 Especially useful in high-dimensional settings where many features may be irrelevant

 L2 regularization (ridge) adds a penalty on the squared norm of the weights:

 L1 regularized (lasso) adds a penalty on the absolute values of the weights:

 Elastic net combines both L1 and L2 penalties:



Logistic Regression in Scikit-Learn

Roi Yehoshua, 202522

 The LogisticRegression class provides a highly optimized implementation 

 Supports several efficient solvers for optimization:

 L-BFGS (Limited-memory BFGS):

 Default solver for small-to-medium datasets

 Efficient for L2-regularized problems

 Newton-CG (Newton's method with Conjugate Gradient):

 More accurate on some problems, but more expensive per iteration

 SAG (Stochastic Average Gradient):

 Suitable for large-scale datasets

 Incrementally updates the weights using mini-batches

 Solver choice affects speed, scalability, and regularization support

https://scikit-learn.org/stable/modules/generated/sklearn.linear_model.LogisticRegression.html


Logistic Regression in Scikit-Learn

Roi Yehoshua, 202523

Parameter Description

penalty Type of regularization to apply. Can be 'l1', 'l2', 'elasticnet', or None.

tol Tolerance for the stopping criteria

C Inverse of the regularization strength (1/)

solver Optimization algorithm to use. Options include: {'lbfgs', 'liblinear', 'newton-cg', 'newton-cholesky', 
'sag', 'saga'.

max_iter Maximum number of iterations taken for the solver to converge

class_weight Weights associated with classes, given as a dictionary {class:weight}, useful for handling imbalanced 
datasets



Logistic Regression in Scikit-Learn

Roi Yehoshua, 202524

 Let’s demonstrate logistic regression on a synthetically generated data set 

 We use make_blobs() to create two normally-distributed blobs with 100 points each



Model Training

Roi Yehoshua, 202525

 Split the dataset into training and test:

 Train a LogisticRegression model on the training set:

 Remember to scale the features before training if they have different ranges!



Model Training

Roi Yehoshua, 202526

 As in linear regression, we can inspect the learned coefficients:

 We can also check how many iterations were needed for the solver to converge:



Model Evaluation

Roi Yehoshua, 202527

 The score() method returns the accuracy of the classifier on the given data

 Evaluation on the training and test sets:

Number of correct predictions
Accuracy = 

Total number of predictions



Decision Boundary

Roi Yehoshua, 202528

 For 2D problems, it is often useful to visualize the boundary line between the classes

 The boundary is defined as the set of points where the predicted probability is 0.5

 In the case of a 2D dataset, this becomes an equation of a line:

 The slope of the line is -w1/w2 and the intercept is -w0/w2



Decision Boundary

Roi Yehoshua, 202529

 Plotting the decision boundary:



Making Predictions

Roi Yehoshua, 202530

 We can now use the trained model to make predictions on new data

 LogisticRegression provides two methods for predictions:

 predict_proba(X): Provides predicted probabilities for the samples in X 

 predict(X): Predicts class labels for the samples in X



The Class Imbalance Problem

Roi Yehoshua, 202531

 Imbalanced datasets are datasets where the classes are not equally represented

 In binary classification, this typically means:

 A large number of negative (“normal”) examples

 A small number of positive (“interesting”) examples

 Common in tasks such as medical diagnosis and fraud detection

 where < 1% of the examples belong to the minority class (e.g., fraudulent transactions)

 Main challenges with imbalanced datasets:

 Unreliable evaluation metrics

 e.g., a model that always predicts ''legitimate'' achieves > 99% accuracy

 Algorithms tend to favor the majority class

 Can lead to very poor results on the minority class (e.g., 0-10% accuracy)

 While correct classification of the minority class is often more important than the majority



Example: Bank Marketing

Roi Yehoshua, 202532

 A dataset from the UCI Machine Learning Repository 

 Deals with marketing campaigns (phone calls) of a Portuguese banking institution

 The goal is to predict whether the client will subscribe (1/0) to a term deposit 

 The data set includes 41,188 records and 21 features

http://archive.ics.uci.edu/ml/datasets/Bank+Marketing


Data Exploration

Roi Yehoshua, 202533

 Let’s first load the data set and explore its basic properties



Data Exploration

Roi Yehoshua, 202534



Data Exploration

Roi Yehoshua, 202535

 The number of samples that belong to each class:

 The ratio of negative to positive examples is about 89:11

 It is also useful to explore the feature statistics in each class:



Training and Test Split

Roi Yehoshua, 202536

 Let’s split the data set into 80% training and 20% test:



Data Preparation

Roi Yehoshua, 202537

 We normalize the numerical features, and one-hot encode the categorical features

 Then we define a pipeline that combines the transformer with logistic regression:



Performance Measures

Roi Yehoshua, 202538

 Training the classifier on the data set provides the following results:

 Above 91% accuracy (ratio of correct predictions)

 Looks good, no?



Performance Measures

Roi Yehoshua, 202539

 Let’s create a dumb classifier that just classifies every sample as 0 (no subscription)

 This classifier has about 88.5% accuracy! 
We need better 

evaluation metrics



Confusion Matrix

Roi Yehoshua, 202540

 A table that summarizes the number of correct/incorrect predictions per class

 True positives (TP): Positive samples correctly classified as positive

 True negatives (TN): Negative samples correctly classified as negative

 False positives (FP): Negative samples incorrectly classified as positive

 False negatives (FN): Positive samples incorrectly classified as negative



Confusion Matrix

Roi Yehoshua, 202541

 To compute the confusion matrix, we can use the function confusion_matrix:



Precision and Recall

Roi Yehoshua, 202542

 Precision is the ratio of the true positives to all predicted positives

 Recall is the ratio of the true positives to all actual positives

 In many problems, there is an inherent tradeoff between precision and recall

 Models with higher precision tend to be cautious and only predict positive when they are 
very confident, leading to more actual positives missed

 On the other hand, a model that classifies every sample as positive will have a perfect 
recall, but very low precision



Precision and Recall

Roi Yehoshua, 202543

 Computing the precision and recall using Scikit-Learn:

 Now our model doesn’t look as shiny as it did when we looked at its accuracy

 When it claims a customer subscribed, it is correct only 67.2% of the time

 Moreover, it only detects 43.6% of the subscriptions



F1 Score

Roi Yehoshua, 202544

 Precision and recall can be combined into a single metric known as F1 score

 F1 score is the harmonic mean of precision and recall:

 The harmonic mean of two numbers tends to be closer to the smaller of the two

 Both precision and recall must be high for the F1 score to be high

 To compute the F1 score, simply call the f1_score() function:



Decision Threshold

Roi Yehoshua, 202545

 Decision threshold is the score above which a sample is predicted as positive

 In logistic regression

 Decision score represents the signed distance of the input from the separating hyperplane

 A threshold of 0 is used to predict if the sample belongs to the positive or negative class



Thresholding

Roi Yehoshua, 202546

 By adjusting the decision threshold, we can control the precision-recall tradeoff

 Lowering the threshold will increase recall and usually reduce precision (but not always)



Thresholding

Roi Yehoshua, 202547

 For example, we can lower the threshold from 0 to -1.0:



Precision-Recall Curve

Roi Yehoshua, 202548

 Visualizes the tradeoff between precision and recall for every possible threshold



Precision-Recall Curve

Roi Yehoshua, 202549

 Let’s suppose we decide to aim for 80% recall

 We can use the recalls array to find which threshold we need to use:

 Precision decreased from 57% to 49% while recall increased from 67% to 80%



ROC (Receiver Operating Characteristic) Curve

Roi Yehoshua, 202550

 Shows the true positive rate and false positive rates across different thresholds

 False positive rate (FPR): fraction of the negative samples misclassified as positive

 True positive rate (TPR): fraction of the positive correctly classified as positive

 Same as recall

• The ROC curve is monotonically increasing
• Reducing the decision threshold  more samples are 

classified as positive  both TPR and FPR increase
• The higher the curve is, the better the model is
• A model that makes random guesses resides along 

the main diagonal (TPR = FPR)



ROC Curve 

Roi Yehoshua, 202551

 You can generate the plot using the roc_curve() function:



AUC

Roi Yehoshua, 202552

 AUC = area under the ROC curve

 Gives a holistic evaluation of the model across all thresholds

 Can be used to compare different classifiers

 A perfect classifier will have AUC = 1

 A classifier that makes random guesses will have AUC = 0.5

 Computing AUC in Scikit-learn:



Learning from Imbalanced Datasets

Roi Yehoshua, 202553

 Models trained on imbalanced datasets tend to perform poorly on the minority class

 Common strategies to tackle this issue:

 Sampling: Modify the training data to make the dataset more balanced

 Oversampling the minority class: replicate the positive examples or generate synthetic ones

 Undersampling the majority class: reduce the number of negative examples

 Hybrid approaches: combine oversampling and undersampling

 Cost-sensitive learning: Penalize errors on the minority class more severely



SMOTE (Synthetic Minority Oversampling)

Roi Yehoshua, 202554

 Generate new examples of the minority class through interpolation

 Choose a random example from the minority class 

 Find the k nearest neighbors of that example (typically k = 5)

 Randomly select one of the neighbors

 Select a random point along the line between the example and its neighbor



SMOTE (Synthetic Minority Oversampling)

Roi Yehoshua, 202555

 The training set before and after SMOTE:

Before SMOTE After SMOTE



SMOTE

Roi Yehoshua, 202556

 The library imbalanced-learn provides various classes for imbalanced learning

 The SMOTE class implements this algorithm

https://imbalanced-learn.org/stable/
https://imbalanced-learn.org/stable/
https://imbalanced-learn.org/stable/


Cost-Sensitive Learning

Roi Yehoshua, 202357

 A cost matrix assigns a weight for each block in the confusion matrix

 C(i|j): cost of misclassifying a class j example as class i

 The overall cost of a model M is:

Predicted Class

Actual 

Class

C(i|j) + -

+ C(+|+) C(-|+)

- C(+|-) C(-|-)



Cost-Sensitive Learning Example

Roi Yehoshua, 202358

Cost 

Matrix

Predicted Class

Actual 

Class

C(i|j) + -

+ -1 100

- 1 0

Model 

M1

Predicted Class

Actual 

Class

+ -

+ 150 40

- 60 250

Model 

M2

Predicted Class

Actual 

Class

+ -

+ 250 45

- 5 200

Accuracy = 90%

Cost = 4255

Accuracy = 80%

Cost = 3910



Cost-Sensitive Learning

Roi Yehoshua, 202359

 In Scikit-Learn, many algorithms support provide a class_weight parameter

 This parameter can affect the loss function or other parts of the training process

 Accepts a dictionary mapping class labels to weights

 Example: class_weight={0: 0.2, 1: 0.8}

 or the keyword 'balanced’, which sets the weights inversely proportional to the proportion 
of each class in the dataset

 The default None means that no class weighting is applied



Multiclass Problems

Roi Yehoshua, 202560

 In many real-world problems the data is divided to more than two categories

 e.g., face recognition, text classification

 Some ML algorithms are originally designed to handle only binary classification

 e.g., logistic regression, SVM

 There are several approaches to extend binary classifiers into multiclass classifiers



One vs. Rest (OvR)

Roi Yehoshua, 202561

 Train a binary classifier per class, with the samples of that class as positive samples 
and all other samples as negatives

 The base classifiers should provide a real-valued confidence score for their decision

 Predict the label k for which the class had the highest confidence score

 Issues

 The scale of the confidence scores may differ

 Each classification problem is imbalanced



One vs. One (OvO)

Roi Yehoshua, 202562

 Each binary classifier is used to distinguish between a pair of classes (ci, cj)

 Samples that don’t belong to either ci or cj are ignored

 Use majority voting to make the final prediction

 The number of classifiers required is 

 Advantages of OvO:

 Usually provides better results than OvR

 Each individual learning problem involves a small subset of the data

 Disadvantages of OvO:

 Slower than OvR due to its O(K2) complexity 

 Doesn’t provide probability estimates for the different classes



Example: MNIST

Roi Yehoshua, 202563

 To demonstrate multi-class classification, we’ll use the MNIST dataset

 This is a set of 70,000 small images of digits handwritten by high school students and 
employees of the US Census Bureau

 Each image is labeled with the digit it represents

 This data set has been studied so much that it is often called the “Hello World” of 
Machine Learning

 Description of the data set can be found here

http://yann.lecun.com/exdb/mnist/


Example: MNIST

Roi Yehoshua, 202564

 The following code loads the MNIST dataset using sklearn.datasets.fetch_openml

 There are 70,000 images of size 28×28, i.e., each image has 784 features

 Each feature represents one pixel’s intensity from 0 (white) to 255 (black)



Example: MNIST

Roi Yehoshua, 202565

 Let’s take a peek at one digit from the data set:



Example: MNIST

Roi Yehoshua, 202566

 Let’s examine how many images we have from each digit type:

 The data set is well balanced

 The first 60,000 images belong to the training set and the last 10,000 to the test set

 So we can split the data set into training and test sets simply by:



OvR Classification

Roi Yehoshua, 202567

 For OvR classification, we can wrap our classifier with an OneVsRestClassifier object

 Let’s train a logistic regression model on MNIST using OvR strategy:

 The number of estimators created is:



OvR Classification

Roi Yehoshua, 202568

 The accuracy of the classifier is:

 We can use it to predict the label for a given image:



OvO Classification

Roi Yehoshua, 202569

 For OvO classification, we can wrap our classifier with an OneVsOneClassifier object:

 The number of estimators created is:

 The accuracy scores are:



Softmax Regression

Roi Yehoshua, 202570

 Softmax regression (or multinomial logistic regression) is a generalization of logistic 
regression to multiclass problems

 Given a sample input x, we estimate the probabilities for each class k (k = 1, …, K)

 Similar to logistic regression, we assume that the log odds between each probability 
to some reference probability (e.g., pk) is a linear combination of the features:

 Note that there are K vectors of weights that need to be learned from the data



Softmax Regression

Roi Yehoshua, 202571

 Since all the probabilities sum to 1, we have:

 Substituting back to pi we get:

 By choosing arbitrarily wk = 0:



The Softmax Function

Roi Yehoshua, 202572

 The softmax function

 Smoothed version of the max function

 Example: the softmax of (1, 2, 6)  is (0.007, 0.018, 0.976)

 The sigmoid function is a special case of the softmax function for a classifier with 
only two input classes



Softmax Regression

Roi Yehoshua, 202573
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Maximum Likelihood Estimation

Roi Yehoshua, 202574

 Next, we write the likelihood function

 From our assumption we can write 

 The likelihood function is then given by 

 Taking the negative logarithm gives

 This function is known as the cross-entropy loss function 



Cross-Entropy Loss

Roi Yehoshua, 202575

 Extension of the log loss to the multi-class case

 Given a vector of estimated probabilities p and a vector y that represents a one-hot 
encoding of the label, the cross-entropy loss is defined as

 Example: assume we have a three-class problem (k = 3) and a sample whose true 
label is class 2 (y = (0, 1, 0)T), and the model’s prediction is p = (0.3, 0.6, 0.1)T

 Then the cross-entropy loss for that sample is:



Softmax Regression in Scikit-Learn

Roi Yehoshua, 202576

 The LogisticRegression class supports the cross-entropy loss

 The multi_class argument can have one of the following options:

 ‘ovr’ – uses the one-vs-rest (OvR) scheme

 ‘multinomial’ – uses the cross-entropy loss

 ‘auto’ (the default) selects ‘ovr’ if the data is binary, or if solver=’liblinear’ (which doesn’t 
support multinomial), and otherwise selects ‘multinomial’



Example: MNIST

Roi Yehoshua, 202577

 Let’s use softmax regression to classify the MNIST digits

 We got similar results to OvO, but this time using a single classifier



Example: MNIST

Roi Yehoshua, 202578

 Comparing between the different solvers:



Classification Metrics in Multiclass Problems

Roi Yehoshua, 202579

 Confusion matrix will be K  K

 Most metrics (except accuracy) are analyzed as multiple 1-vs-many

 A macro-average computes the metric independently for each class and then takes 
the average (hence treating all classes equally)

 A micro-average aggregates the contributions of all classes to compute the average

 For example, for the precision measure

 Micro-average is preferable if you suspect there might be a class imbalance



Classification Metrics in Multiclass Problems

Roi Yehoshua, 202580

 For multi-class problems, you can use sklearn.metrics.classification_report() to show 
a summary of the precision, recall, and F1 score for each class:



Error Analysis

Roi Yehoshua, 202581

 Let’s examine the confusion matrix

 Since the number of digits in each class are not equal, it makes more sense to 
examine the relative errors instead of the absolute 



Error Analysis

Roi Yehoshua, 202582

 To make the errors in the confusion matrix be relative instead of absolute:

 Divide each value in the matrix by the number of images in the corresponding class

 Fill the diagonal with zeros to keep only the errors

 It seems that our main confusions are between 3/5, 4/9, 5/8, and 7/9



Error Analysis

Roi Yehoshua, 202583

 Analyzing individual errors can help you gain insights on what your classifier is doing

 For example, we can plot examples of 3s and 5s from the test set:



Logistic Regression Summary

Roi Yehoshua, 202584

Pros

 Efficient to train

 Easy to implement

 Provides class probabilities

 Won’t overfit easily, as it’s a linear model

 Highly interpretable

 there is a different weight for each feature

 Can handle irrelevant/redundant features

 e.g., by assigning weights close to 0 for them

 A small number of hyperparameters

Cons

 Can learn only linear decision boundaries

 Typically outperformed by more complex 
algorithms

 Cannot handle missing values

 Requires scaling of the data
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